A set of equations is derived describing the macroscopic transport of particles and energy in a thermonuclear plasma on the energy confinement time. The equations thus derived allow studying collisional and turbulent transport self-consistently, retaining the effect of magnetic field geometry without postulating any scale separation between the reference state and fluctuations. Previously, assuming scale separation, transport equations have been derived from kinetic equations by means of multiplescale perturbation analysis and spatio-temporal averaging. In this work, the evolution equations for the moments of the distribution function are obtained following the standard approach; meanwhile, gyrokinetic theory has been used to explicitly express the fluctuation induced fluxes. In this way, equations for the transport of particles and energy up to the transport time scale can be derived using standard first order gyrokinetics.
I. INTRODUCTION
Predicting the dynamics of a thermonuclear plasma is fundamental in order to make nuclear fusion a reliable source of energy. A precise and quantitative definition of what this means essentially implies discussing and understanding the spatiotemporal scales of nonlinear evolution of plasma profiles due to Coulomb collisions and fluctuating fields on the same footing. This also implies a proper definition of a plasma reference state and of the deviation of the system from that "average" condition.
In collisionless fusion plasmas the turbulent fluctuation spectrum is dominated by frequencies usually larger than the inverse characteristic collisional relaxation time. Meanwhile, due to the assumption of strong magnetization, transport parallel to the ambient magnetic field is much faster than across magnetic flux surfaces. Therefore, transport theory in fusion plasmas has been developed as intrinsically local in order to describe the evolution of the reference state on a short timescale, dominated by fluctuation induced cross-field transport (across equilibrium magnetic flux surfaces) on the micro-scales characterizing drift wave turbulence. The study of plasma global evolution has been often pursued by means of analysis based on ad hoc models. Only a limited number of works have tackled self-consistently collisional and fluctuation induced transport, e.g. Refs. 1-5. A practical and effective approach to this problem intuitively yields to defining suitable time and spatial averages. In fact, plasma reference state should evolve slowly in some sense, while cross field transport should cause the distortion of plasma profiles on a sufficiently long length scale. The derivation of a set of equations describing the plasma global evolution on a given time scale is the main requirement to reach this goal. The self-consistency of the adopted description is of fundamental importance in order to understand transport processes on a given time scale because of the possible interplay between collisions and turbulence. In turn, this is crucial in order to predict fluxes of particle and energy and, ultimately, the overall plasma evolution.
The aim of this work is the self-consistent study of transport processes in a thermonuclear plasma on the energy confinement time scale. We adopt a moment equation approach to transport equations 6 , combined with the conceptual framework of nonlinear gyrokinetic theory 7, 8 . In this way, we provide a compact and physically transparent derivation of cross- are described using gyrokinetic field theory 8 and are expressed in terms of the gyrocenter distribution function. The main advantage of studying the evolution equations for the moments instead of directly writing the kinetic expression of fluxes in terms of the particle distribution function is that we derive the equations for the fluctuations induced fluxes up to the transport time scale using standard first order gyrokinetic theory. Our analysis also recovers, in the appropriate limit, the results originally proposed in Refs. 1,2,9.
The work is organized as follows. In Section II, we provide a description of the notation and of the ordering of the physical quantities. In Sections III and IV, we extend the analysis In section VI, we briefly discuss the further analysis required to derive a set of transport equations valid on longer timescales. Final conclusions and discussions are given in Section VII.
II. THEORETICAL FRAMEWORK AND ORDERING ASSUMPTIONS
In this work, we study transport processes in the core of a thermonuclear plasma and, therefore, we can assume that the plasma is strongly magnetized. Thus, the particle distribution function can be written as the sum of a reference distribution F 0 function and a small perturbation δf :
where the characteristic length scale of variation of the reference distribution function, i.e.
F 0 , is such that L ∼ δ −1 ρ where ρ is the Larmor radius. Following Refs. 6,7, we assume that reference states evolve sufficiently slowly and are characterized by macroscopic profiles (conventionally denoted as p 0 ) satisfying the following scaling assumption:
where p 0 stands for n 0 etc., and we use the notation for the moments of the distribution function introduced in Ref. 10 . We further assume the so-called drift ordering:
where v th is the particle thermal speed, and other symbols are standard. Consistently with this standard approach 6 , we write electromagnetic fields as the sum of reference fields, selfconsistently determined within the reference state, varying on the equilibrium lengthscale L, and fluctuations. Following Ref. 7 , we adopt the gyrokinetic ordering for fluctuating quantities:
where Ω is the particle cyclotron frequency in the reference state magnetic field. We also adopt straight magnetic field line toroidal flux coordinates, see e.g. Ref.
11, and we assume axisymmetry of the reference state. Therefore, without loss of generality, the reference magnetic field has the following expression:
With these assumptions, the distribution function can be assumed as Maxwellian at the leading order:
Following Ref. 6 , we assume that the parallel flow is strongly subsonic and that there is small pressure anisotropy between the directions perpendicular and parallel to B 0 due to Coulomb collisions. Thus, we obtain:
Here, again, the notation for moments of the particle distribution function is that of Ref.
10; i.e., nV is the particle flux, F is the friction force, Q is the energy flux, P is the stress tensor, and R is the energy-weighted stress tensor. Meanwhile, with standard notation, I
denotes the unit diagonal matrix. Furthermore, space and time scales are normalized to |ρ| and |Ω −1 |, respectively, density is expressed in units of its local equilibrium value, etc.
Consistent with this, we obtain 6 :
and, thus, a consequence of this ordering is that the reference state electric field is mainly electrostatic and satisfies the drift ordering of Eq. In the following, we proceed in the derivation of the equation describing particle transport up to the energy confinement time by acting with the projection operator R 2 ∇φ · on the momentum equation 6 . Adopting the theoretical framework and ordering introduced in Sec.
II, it can be shown that the P tensor is symmetric up to O(δ) and, thus, due to the antisymmetry of ∇(R 2 ∇φ), we obtain the following expression:
Note that, here, the electric field E = E 0 + δE satisfies the drift ordering of Eq. (3). We now use the identity:
in order to obtain the following relation, which is valid up to O(δωn 0 mv th L):
This is the analogue of Eq. (2.93) in Ref. 6 , where we have considered also the contribution of the fluctuating fields. We note that the term R 2 ∇φ · ∂ t (nmV ) ψ is generally non-negligible in the presence of fluctuations. In particular, since
we can estimate its magnitude from the surface averaged continuity equation. Nonlinear z , we obtain ∂ t n ψ ∼ δ 2 k z n 0 v th . On the characteristic lengthscale of reference profiles, the evolution of the density is obtained by letting k
z ∼ L and, therefore, Eq. (11) follows. From this argument, we deduce that studying the evolution equations for the moments of the distribution function, a fluid approach instead of a kinetic description, is particularly convenient only on the length-scale of the reference profiles, while it gets increasingly more difficult, although in principle feasible, on smaller length-scales. For this reason, in the present work we investigate how the evolution of reference states on the macroscales is affected by a prescribed generic spectrum of (gyrokinetic) fluctuations. In other words, fluctuations themselves can be generally microscopic, consistent with Eq. (4), but their effect on profile evolution are computed on the characteristic spatiotemporal scales of the reference states themselves; that is, the possible formation of mesoscale structure will be ignored. We will study transport on an arbitrary length-scales (including mesoscales) in a future work, using directly the nonlinear gyrokinetic equation (see Ref. 12) . The expression for the particle flux, Eq.(11), can be used to compute the evolution of the density profile in the continuity equation. Using this method, we can describe the fluxes up to second order using the information on the distribution function accurate up to first order 6 . Equation (11) includes classical, neoclassical and fluctuation-induced transport and, therefore, generalizes the result derived in Ref. 6 . Using the following relation:
starting from the expression for the fluxes derived in Ref. 6 , we can identify the classical (subscript "c") and neoclassical (subscript "N C") contributions in Eq. (11), obtaining:
The distinction of classical and neoclassical fluxes is somewhat conventional, e.g., see Refs.
6,13, since it ultimately resorts to the effect of Coulomb collisions. The remaining terms of Eq. (11), which can be attributed to fluctuations (subscript "gk") as they vanish in their absence, read:
Collecting the various contributions derived above, the density transport equation can be written as:
where V = dV /dψ. This additive form does not imply that transport processes are independent of each other and it is a mere consequence of the formal classification adopted here. It is readily recognized that the neoclassical flux in Eq. (15) could also depend on fluctuations intensity, although at higher (negligible) order, (see, e.g., Ref. 14). Exploring transport processes more in depth, fluctuations may enhance the deviation of system from local thermodynamic equilibrium and cause structure formation in the particle phase space, e.g., see Refs. 15-17, which are eventually damped by collisions (enhanced collisional damping). Meanwhile, collisions may damp long lived structures formed by saturated instabilities, such as zonal flows [18] [19] [20] [21] [22] [23] , or more generally zonal structures 16, [24] [25] [26] [27] , which, in turn, regulate turbulent transport itself. We conclude this section by stressing that Eq. (15) describes all radial particle transport processes on the characteristic length-scale of the reference state, and it is predictive on the energy confinement time-scale.
IV. ENERGY TRANSPORT
Using the same theoretical framework and approach of Sec. III, we can derive an expression for the radial energy transport on the characteristic spatiotemporal scales of the reference states themselves. Taking the dot product of R 2 ∇φ with the energy transport equation and taking the flux surface average yields 6 :
Here, for the sake of generality, we have assumed that the leading order stress tensor is given in the Chew-Golberger-Low form 28 , P CGL = p ⊥ I + (p − p ⊥ )bb, having in mind the application to collisionless fusion plasmas; and G denotes the collisional change in the energy flux 6 . Proceeding as in Sec. III and applying the drift ordering, we obtain, up to order O(δ 2 ):
where:
The fluxes expressions are similar to the particle fluxes derived in the previous section. In order to compare these results, we note that the energy transport equation can be cast in the following form:
with W representing the collisional energy exchange (denoted as Q in Ref. 6 ). Equation (20) can be re-written at the required order by using the leading order expression for V :
and, thus, we have demonstrated that, at the relevant order in our asymptotic expansion in the drift parameter, the evolution equation for (p ⊥ + p /2) is a transport equation with a collisional heating source W ψ and with an effective radial flux:
Using this result we can write the expressions for the effective fluxes to be used in the energy evolution equation:
By direct comparison with the collisional and gyrokinetic particle fluxes, we readily see that the expression are formally the same, with energy fluxes weighted by mv 2 /2. This is consistent with the results obtained directly from kinetic theory, see Ref.
12, which will be analyzed in a future work.
V. FLUCTUATION INDUCED FLUXES
The explicit calculation of the fluxes derived in the previous sections requires neoclassical Following Ref. 8 , the particle distribution function can be expressed in terms of the guiding-center distribution function F , which, in turn, can be written in terms of the gyro-center distribution functionF : 
where E = v 2 /2 is the energy per unit mass, µ is the magnetic moment adiabatic invariant
⊥ /(2B 0 ) + . . . and:
The gyrophase average δψ gc involves introducing Bessel functions as integral operators:
⊥ and the definition ofÎ n acting on a generic function g(r) = ĝ(k) exp(ik · r)dk is the following:
At the leading order in the asymptotic expansion (with δ = ρ/L as expansion parameter), we can show that:
Denoting velocity space integration as . . . v and using these relations we can show that:
By means of Eq. (31), we can compute the leading order of the first term on the right hand side of Eq. (14) . In particular, we obtain the following expression:
where we have introduced the functionḠ 7 : 
Details of the derivation of Eq. (34) are also given in A. Here, it is crucial to stress that, for consistency with the transport analysis of Secs. III and IV, based on the moment approach, the contribution to particle fluxes in Eqs. (33) and (34) must be understood as "effectively averaged" consistently with the spatiotemporal scales of the reference state.
From these expressions, recalling that ∇φ · ∇ ∼ ∂ φ , we can see that the fluctuation induced transport is due only to toroidally symmetry breaking perturbations, as expected.
Meanwhile, the push forward expression for the energy fluxes are identical to the density fluxes except for the weighting factor mv 2 /2, which multiplies every term, as demonstrated in Sec. IV. Again, we note that the expressions for fluctuation induced fluxes and ensuing transport are valid for generic short-wavelength turbulence; that is, for drift wave fluctuations at frequencies much lower than the cyclotron frequency but wavelength as short as the particle Larmor radius. Nonetheless, our moment approach is based on an asymptotic expansion, which assumes that the effect of fluctuation induced transport is given for structures that are sufficiently longer scale than the Larmor radius. In other words, although drift-wave turbulence is described by nonlinear gyrokinetic theory, its effect on transport is accounted for on the length scale typical of the plasma equilibrium. This assumption has been used in the derivation of Eqs. (14) and Eq. (16) 
VI. LONGER TIMESCALES
In the previous sections, we have calculated collisional and fluctuation induced transport processes in an axisymmetric tokamak plasma, using nonlinear gyrokinetic theory. A number of other works dealing with the same problem exist in the literature, [3] [4] [5] and this issue has been analyzed in depth even more recently 1 . In all these works, including the present one, collisional and turbulent fluxes are calculated up to O(δ 2 ) in the asymptotic expansion.
Using the characteristic length and time-scales of a modern magnetic fusion device, we can estimate the corresponding time-scale of validity of transport equations, which is of the order of seconds. This is relatively short when compared with the expected duration of a pulse in the next generation Tokamaks, i.e. ITER, which is > 3000s 32 . Therefore, even if a set of equations for the fluxes with a precision of O(δ 2 ) is not enough in order to predict the behavior of the plasma during a whole ITER plasma discharge, it could be used for the real time control of plasma dynamic evolution based on properly designed actuators (see, e.g., 
VII. CONCLUSIONS
In this work we have analyzed particle and energy transport on the energy confinement time scale in a magnetized plasma taking into account the contributions of Coulomb collisions and fluctuations on the same footing. These equations hold at every point in space and do not involve any radial averaging operation. However, our approach assumes that plasma profiles evolve on the macro-scales only; thus, some sort of spatiotemporal averaging is embedded in our approach at this level. This is one difference with the previous works on this topic, i.e.
Refs. 1,2,9, based on the systematic scale separation between fluctuating and equilibrium quantities. Another element of novelty is the derivation technique, which uses the moment approach 10 and the gyrokinetic push-forward representation of the fluid moments 8 . As noted in Sec.V, Eqs. (33) and (34) as well as the corresponding equation for energy fluxes must be understood as "effectively averaged" consistently with the spatiotemporal scales of the reference state. This yields to naturally introducing the notion of spatiotemporal scales of equilibrium variations and of the corresponding structures, which must be self-consistently determined by nonlinear gyrokinetic theory. More precisely, some of the dynamic evolution of the reference state that is produced by the fluctuation spectrum and is not consistent with the well-known transport ordering adopted here 6,7 must be considered separately, as distortion of the reference state itself. Such a distortion is, however, compatible (as it should be) with the gyrokinetic ordering 7 and generally consists of long-lived (undamped by collisionless dissipation processes) phase space structures with meso-spatiotemporal scales. These "phase space zonal structures" 17 play a crucial role in transport processes of collisionless fusion plasmas, as they are a measure of the deviation of the system from the local thermodynamic equilibrium 17, 31, 48 ; that is, from the considered reference state. Furthermore, their dynamic We can re-write this expression using Eq. The second term to calculate is the following:
which is the sum of two contributions. We can show that:
and, therefore, we can re-write the second term of Eq. (A1):
Analogously we can show that (b × ∇δḠ) · (∇φ × b) = −∇φ · ∇ ⊥ δḠ and we can re-write the first term of Eq. (A1) as:
This is again the sum of two terms. The first one:
can be written at the leading order as:
This can be written, noting that the surface average involves an average over the angular coordinate φ, as:
The second term of Eq. (A3) can be rewritten as:
which can be neglected with respect to others, being of higher order in a large aspect-ratio tokamak.
